This paper is addressed to a study of the null controllability for the semilinear parabolic equation with a complex principal part. For this purpose, we establish a key weighted identity for partial differential operators (α + iβ)∂ t + n j,k=1 ∂ k (a jk ∂ j ) (with real functions α and β), by which we develop a universal approach, based on global Carleman estimate, to deduce not only the desired explicit observability estimate for the linearized complex Ginzburg-Landau equation, but also all the known controllability/observability results for the parabolic, hyperbolic, Schrödinger and plate equations that are derived via Carleman estimates.
Introduction and main results
Given T > 0 and a bounded domain Ω of lR n (n ∈ lN) with C 2 boundary Γ. Fix an open non-empty subset ω of Ω and denote by χ ω the characteristic function of ω. Let ω 0 be another non-empty open subset of Ω such that ω 0 ⊂ ω. Put Q = (0, T ) × Ω, Σ = (0, T ) × Γ, Q 0 = (0, T ) × ω 0 .
In the sequel, we will use the notation y j = y x j , where x j is the j-th coordinate of a generic point x = (x 1 , · · · , x n ) in lR n . In a similar manner, we use the notation z j , v j , etc. for the partial derivatives of z and v with respect to x j . Throughout this paper, we will use C = C(T, Ω, ω) to denote generic positive constants which may vary from line to line (unless otherwise stated). For any c ∈ l C, we denote its complex conjugate by c.
1
Fix a jk (·) ∈ C 1,2 (Q; lR) satisfying a jk (t, x) = a kj (t, x), (t, x) ∈ Q, j, k = 1, 2, · · · , n, (1.1) and for some constant s 0 > 0, j,k a jk ξ j ξ k ≥ s 0 |ξ| 2 , (t, x, ξ) ≡ (t, x, ξ 1 , · · · , ξ n ) ∈ Q × l C n .
(1.2)
Next, we fix a function f (·) ∈ C 1 ( l C) satisfying f (0) = 0 and the following condition:
Note that f (·) in the above can have a superlinear growth. We are interested in the following semilinear parabolic equation with a complex principal part:
(a jk y j ) k = χ ω u + f (y) in Q, y = 0 on Σ,
where i = √ −1, b ∈ lR. In (1.4), y = y(t, x) is the state and u = u(t, x) is the control. One of our main objects in this paper is to study the null controllability of system (1.4), by which we mean that, for any given initial state y 0 , find (if possible) a control u such that the weak solution of (1.4) satisfies y(T ) = 0.
In order to derive the null controllability of (1.4), by means of the well-known duality argument (see [16, p.282 , Lemma 2.4] , for example), one needs to consider the following dual system of the linearized system of (1.4) (which can be regarded as a linearized complex Ginzburg-Landau equation): 5) where q(·) ∈ L ∞ (0, T ; L n (Ω)) is a potential and
By means of global Carleman inequality, we shall establish the following explicit observability estimate for solutions of system (1.5).
Then there is a constant C > 0 such that for all solutions of system (1.5) , it holds
where
Thanks to the dual argument and the fixed point technique, Theorem 1.1 implies the following controllability result for system (1.4).
The controllability problem for system (1.4) with b = 0 (i.e., linear and semilinear parabolic equations) has been studied by many authors and it is now well-understood. Among them, let us mention [4, 5, 13, 9] on what concerns null controllability, [7, 8, 9, 28] for approximate controllability, and especially [29] for recent survey in this respect. However, for the case b = 0, very little is know in the previous literature. To the best of our knowledge, [10] is the only paper addressing the global controllability for multidimensional system (1.4). We refer to [20] for a recent interesting result on local controllability of semilinear complex Ginzburg-Landau equation.
We remark that condition (1.3) is not sharp. Indeed, following [4] , one can establish the null controllability of system (1.4) when the nonlinearity f (y) is replaced by a more general form of f (y, ∇y) under the assumptions that
where p = (p 1 , · · · , p n ). Moreover, following [5] , one can show that the assumptions on the growth of the nonlinearity f (y, ∇y) in (1.9) are sharp in some sense. Since the techniques are very similar to [4, 5] , we shall not give the details here. Instead, as a byproduct of the fundamental identity established in this work (to show the observability inequality (1.7)), we shall develop a universal approach for controllability/observability problems governed by partial differential equations (PDEs for short), which is the second main object of this paper. The study of controllability/observability problem for PDEs began in the 1960s, for which various techniques have been developed in the last decades ( [1, 3, 13, 17, 29] ). It is well-known that the controllability of PDEs depends strongly on the nature of the system, say time reversibility or not. Typical examples are the wave and heat equations. It is clear now that there exists essential differences between the controllability/observability theories for these two equations. Naturally, one expects to know whether there are some relationship between these two systems of different nature. Especially, it would be quite interesting to establish a unified controllability/observability theory for parabolic and hyperbolic equations. This problem was posed by D.L. Russell in [21] , where one can also find some preliminary result; further results are available in [18, 26] . In [15] , the authors analyzed the controllability/observability problems for PDEs from the point of view of methodology. It is well known that these problems may be reduced to the obtention of suitable observability inequalities for the underlying homogeneous systems.
However, the techniques that have been developed to obtain such estimates depend heavily on the nature of the equations. In the context of the wave equation one may use multipliers ( [17] ) or microlocal analysis ( [1] ); while, in the context of heat equations, one uses Carleman estimates ( [8, 13] ). Carleman estimates can also be used to obtain observability inequalities for the wave equation ([25] ). However, the Carleman estimate that has been developed up to now to establish observability inequalities of PDEs depend heavily on the nature of the equations, and therefore a unified Carleman estimate for those two equations has not been developed before. In this paper, we present a point-wise weighted identity for partial differential operators (α + iβ)∂ t + n j,k=1 ∂ k (a jk ∂ j ) (with real functions α and β), by which we develop a unified approach, based on global Carleman estimate, to deduce not only the controllability/observability results for systems (1.4) and (1.5), but also all the known controllability/observability results for the parabolic, hyperbolic, Schrödinger and plate equations that are derived via Carleman estimates (see Section 2 for more details). We point out that this identity has other interesting applications, say, in [19] it is applied to derive an asymptotic formula of reconstructing the initial state for a Kirchhoff plate equation with a logarithmical convergence rate for smooth data; while in [11] it is applied to establish sharp logarithmic decay rate for general hyperbolic equations with damping localized in arbitrarily small set by means of an approach which is different from that in [2] . The rest of this paper is organized as follows. In Section 2, we establish a fundamental point-wise weighted identity for partial differential operators of second order and give some of its applications. In Section 3, we derive a modified point-wise inequality for the parabolic operator. This estimate will play a key role when we establish in Section 4 a global Carleman estimate for the parabolic equation with a complex principal part. Finally, we will prove our main results in Section 5.
A weighted identity for partial differential operators and its applications
In this section, we will establish a point-wise weighted identity for partial differential operators of second order with a complex principal part, which has an independent interest. First, we introduce the following second order operator:
We have the following fundamental identity.
2)
3)
Several remarks are in order.
Remark 2.1 We see that only the symmetry condition of (a jk ) m×m is assumed in the above. Therefore, Theorem 2.1 is applicable to ultra-hyperbolic or ultra-parabolic differential operators. [10] in some sense.
Remark 2.2 Note that when
one obtains a weighted identity for the parabolic operator. By this and following [22] , one may recover all the controllability/observability results for the parabolic equations in [4] and [13] .
Remark 2.4 By choosing a jk (t, x) ≡ a jk (x) and α(t, x) = β(t, x) ≡ 0 in Theorem 2.1, one obtains the key identity derived in [12] for the controllability/observability results on the general hyperbolic equations.
Remark 2.5 By choosing (a jk ) 1≤j,k≤m to be the identity matrix, α(t, x) ≡ 0, β(t, x) ≡ 1 and Ψ = −∆ℓ in Theorem 2.1, one obtains the pointwise identity derived in [14] for the observability results for the nonconservative Schrödinger equations. Also, this yields the controllability/observability results in [27] for the plate equations and the results for inverse problem for the Schrödinger equation in [6] . Proof of Theorem 2.1. The proof is divided into several steps.
Step 1. By θ = e ℓ , v = θz, we have (recalling (2.4) for the definition of I 1 )
Hence, by recalling (2.3) for the definition of I 1 , we have
Step 2. Let us compute I 1 I 2 + I 2 I 1 . Denote the four terms in the right hand side of I 1 and I 2 by I 
Note that
Hence, we get (βa 
(2.10)
Noting that a jk = a kj , we have
Using the symmetry condition of a jk again, we obtain
(2.12) By(2.12), we get Ψa
(2.14)
Finally, I 
(2.15)
Step 3. .7), we arrive at the desired identity (2.2).
We have the following pointwise estimate for the complex parabolic operator Gz.
Proof. Recalling (1.6) for the definition of Gz, taking m = n, α(x) ≡ 1, β(x) ≡ b in Theorem 2.1, by using Hölder inequality and simple computation, we immediately obtain the desired result.
A modified point-wise estimate
Note that the term ib (a jk ℓ j ) k (vv t − vv t ) in the right-hand side of (2.17) is not good.
In this section, we make some modification on this term and derive the following modified point-wise inequality for the parabolic operator with a complex principal.
where M, V k , B is given by (2.18) and
Proof. We divided the proof into several steps.
Step 1. Note that v = θz, it is easy to check that
Recalling (1.6) for the definition of Gz and by (3.4), we have
Step 2. Let us estimate J k (k = 1, 2, 3) respectively. First, note that v = θz, we have
Next, by using (3.4) again, we have
Next, noting that a jk satisfy (1.1), and recalling v = θz, it follows
where we have used the following fact:
(3.10)
Step 3. Noting that a jk satisfying (1.1)-(1.2), we have the following fact.
Finally, combining (2.17), (3.4)-(3.8) and (3.11), we arrive at the desired result (3.2).
Global Carleman estimate for parabolic operators with complex principal part
We begin with the following known result.
Lemma 4.1 ([13], [23])
There is a real function ψ ∈ C 2 (Ω) such that ψ > 0 in Ω and ψ = 0 on ∂Ω and |∇ψ(x)| > 0 for all x ∈ Ω \ ω 0 .
For any (large) parameters λ > 1 and µ > 1, put
For j, k = 1, · · · , n, it is easy to check that
and
In the sequel, for k ∈ lN, we denote by O(µ k ) a function of order µ k for large µ (which is independent of λ); by O µ (λ k ) a function of order λ k for fixed µ and for large λ. We have the following Carleman estimate for the differential operator G defined in (1.6): 
and for all λ ≥ λ 1 , it holds
Proof. The proof is long, we divided it into several steps.
Step 1. Recalling (4.9)
It is easy to see that (4.9) can be absorbed by (4.5) and (4.8).
Similarly, by using (4.2)-(4.3) again, we have (4.10) Therefore (4.10) also can be absorbed by (4.5) and (4.8).
